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Anotated Content 

§1 Consistent inequality 

[We prove the consistency of irr( J^J B^/D) < J^J irr(Bi)/D where D is 

an ultrafilter on k and each Bi is a Boolean Algebra. This solves the last 
problem of this form from the Monk's list of problems in [M2], that is 
number 35. The solution applies to many other properties, e.g. Souslinity.] 

§2 Consistency for small cardinals 

[We get similar results with k — Ki (easily we cannot have it for k = Kq) 
and Boolean Algebras Bi (i < k) of cardinality < H UJl .] 

This article continues Magidor Shelah [MgSh 433] and Shelah Spinas [ShSi 677], 
but does not rely on them: see [M2] on background. 
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§1 Consistent inequality 

1.1 Definition. Assume \x < A, A is strongly inaccessible Mahlo. Let B* = B\ be 
the Boolean Algebra freely generated by {x a : a < A} and for u C A let B u be the 
subalgebra of B* generated by {x a : a G u}. 

1) We define a forcing notion Q = A as follows: 
p G Q iff: for some w p = w [p] we have: 

(i) w p = w\p] C X 

(ii) B p = B[p] is a Boolean Algebra of the form B w ^jl p where I p = I[p] is an 
ideal of B w ^ so B p is generated by {x a /I : a G w p } 

(Hi) x a /I ({xp/I : j3 G w p Pi ct})s[ p ], equivalently x a ({xp : (3 <E w p H a} U 

(iv) for every strongly inaccessible x e (/•*; ^] we have |w p fl x\ < X- 

The order is p < q iff w p C u; 9 and I p = I q C\ B w ^, so abusing notation we think 
£? p C S 9 , not distinguishing sometime x a from x a /I G £? p or (see below) from 
x a /I in £?. 

2) We define I = U{I P : p G Gqi J and B is defined as B\/I. 

1.2 Claim. For fj, < X as in Definition 1.1, the forcing notion A zs n + -complete 
(hence, add no new subsets to fx), has cardinality X, satisfies the X-c.c, collapse no 
cardinal, change no cofinality, so cardinal arithmetic is clear. 

Proof. Like Easton forcing. 

1.3 Claim. For the forcing Q = A with fj,, X as in Definition 1.1 we have 

1) II-q U B is a Boolean Algebra generated by {x a : a < A} such that a < X =>- x a 

({xp : P < o})b, so \B\ = A". 

2) II-q U irr + (B) = A = irr(B)" , see definition 1.4 below. 

3) II-q "ifyp G B for (3 < X then for some [So < Pi < fa < X we have B \= 

vpx n vp2 = y/3 "- 

4) Let B* be a finite Boolean Algebra generated by {a*, b*, j/q, . . . , y*^)} such that 
y^t({yt:e<m}\J{a*,b*}),0<a*<yt<b*<l. 
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Then it is forced, (II-qi ) that: 

if Up e B f or /3 < A and (3 ^ 7 =>- yp 7^ y 1 then we can find a, b in B 
satisfying < a < b < 1 and (3q < . . . < /3 n (*) < A such that 
(a) Bh"«< yp e < b" 

(13) there is an embedding f of B* into B mapping a* to a, b* to b and yn 
to y* pi for£ = 0,...,n(*). 



Recalling 

1.4 Definition. For a Boolean Algebra B let: 

1) X C £? is called irredundant, if no i 6 X belongs to the subalgebra (X\{x})b 
of B generated by X\{x}. 

2) irr+(S) = U{|X|+ : X C S is irredundent } . 

3) irr(S) = L){|X| : I C B is irredundent} so irr(S) is irr + (£?) if the latter is a 
limit cardinal and is the predecessor of irr + (£?) if the later is a successor cardinal. 

Remark. Concering 1.3 on the case k = Ni, see Rubin [Ru83], generally see [Sh 
128], [Sh:e]. 

Proof of 1.3. 1) Should be clear. 

2) Clearly for every % < A and p G A we can find a < A such that a > x 
and iy p n [a, a + %) = hence we can find q such that p < q G A and w q = 
w p U [ck, a + x) and in B q the set {x^ : (3 G [a, a + x)} is independent, hence 
g ||_ "j rr +(£?) > g we g e t ||- "irr + (S) > A. To prove equality use part (3). 

3) Assume toward contradiction that p lh 11 (yp : (3 < A) is a counterexample". We 
can find for each /3 < A a quadruple (pp,np, (ap,e '■ I < np), o~p) such that: 

(i) P<we Q^ A 
(zz) np < uj 

(Hi) ap : £ G io P/3 increasing with £ 

(w) (T/3 (xo, • • • , x n/3 _i) is a Boolean term 

(v) pp lh "in B we have zy^ — p(x a ^ , x a/3 1 , . . . , x a(3 n _ x )" call the latter yg, 

so by part (1) without loss of generality {otpj : t < np} C hence yp is 
a member of B w ^. 
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So we can choose a stationary S C {x : x strongly inaccessible, // < % < A} and 
n, a, m, (at : £ < m),w,r such that for every (3 G S we have: np = n & (7/3 = 
cr, £ < m =>- ct^ = ae,£ G [m, n) =>- > (3 and ty p ' 3 fl j3 = w. Without loss of 
generality also a < (3 G S =>- w Pa C (3. Without loss of generality for (3 , j3\ in S the 
mapping Fp 0i p x = id w U {((atp 0j e, atp u e) : £ < n)} induces an isomorphism gp 1 ,p 
from the Boolean Algebra ({x 7 : 7 G w} U {otp (,'■£< ^})s[ P/3o] onto the Boolean 
Algebra ({x 1 : 7 G w} U \xp x ,e '■ £ < n}) B\p 01 ] that is gp 1 ,p maps x 7 to x 7 for 7 G w 
and maps X/j ^ to for £ < n. Choose fio < Pi < Po an d we define q G A 
such that w q = w\pp ] U u^p^J U w[p/3 2 ] and B q is the Boolean Algebra generated 
by {x a : a G w[p/3 ] U wfp^] U w[p/3 2 ]} freely except the equations which hold in 
pp e for each £ = 0, 1, 2 and the equation yp 1 fl yp 2 = yp , in other words I q is the 
ideal of B wq generated by I\pp ] U I\p(h] U i"[p/3 2 ] U {yp 1 n yp 2 - yp , yp - yp 1 <lyp 2 }. 
We should prove that q G Q 1 ^ A and fl S[p/^] = /[p^] for £ = 0, 1, 2 (the rest: 
PA < <? hence p < g and q lh "y^ = y^ for £ = 0, 1, 2 and y^ n yg 2 = ya " should 

be clear). Let So be the trivial Boolean Algebra {0, 1}. 

For w C A and / G ™2 let / be the unique homomorphism from the Boolean Algebra 
B w freely generated by {x a : a G to} to {0, 1} such that a G w =>- f(x a ) = f(a). 
For p* G Qi )A let J%*] = if ■ f ^ and {x a : f(a) = 1} U {-x Q : /(a) = 0} 

generates an ultrafilter of S[p*]. For each / G J^[p*] let f^ p ' be the homomorphism 
from 5[p*] to £?o induced by /, i.e. /I p '(x a ) = /(a) for every a G w. Clearly J^"[p*] 
gives all the information on p* . Define u = w P/3 o [J w P0 i |J «; P/3 2 and 

^ = {/ :/ G u 2, and £ < 2 / \ w\pp t ] G ^[p A ] and 

So |= u f(<r({xp lA : £ < n») n : £ < n») 

= />«x /3bi ,:i<n»)»}. 

We need to show that & is rich enough, clearly ®\ + ® 2 + ®2 below suffice 

® x if £ G {0, 1, 2} and G ^[p/jj then there is / G & extending f e . 

[Why? For m = 0,1,2 let p'p m be the subalgebra of B[pp m ] generated by {x 7 : 
7 e w[p/3 m ] and 7 < /3 m V 7 G {a/3 m ,o, • • • , a/3 m ,n-i}}- We define a homomorphism 
he from p^ to B as /j P/3<; ' f -^b/?J an d define for m = 0,1,2 a homomorphism 
g m from S[p^ m ] to S such that: 7 G tw =>• y m (^ 7 ) = ^(7) and 7 = /^m,fc =>• 
^(^7) = fi(Pt,k)- The definitions are compatible and let /i m be he if ^ = to and 
any homomorphism from B[pp m ] to So extending g m if m G {0, 1,2}\{£}, clearly 
exist. Let / m G "'^^ for m = 0, 1, 2 be f m (l) = h^x^); for m = £ the definitions 
are compatible. Lastly let / = /oU/iU/ 2 , easily feQfe & .] 
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2 if t G {0, 1, 2}, a G w[p Pe \ then there are /', /" G ^ such that f'(a) ^ /"(a) 
but /'f(an«) = /" \ (anu). 

[Why? As p A G A we can find /" G ^"[p&] such that f'e( a ) /"(«) but 
/i t (a n w\pf, t ]) = f" r (« n M^J). Now for m G {0, 1, 2, }\{£} let f' m G J^J 
extends f^F Mm and G &\pp m ] extends fm oF /3 e ,Pm Dotn times as in tne P r °of 
of ®i. If i = 0, let /' = U /{ U G ^ and let /" = /£' U f[' I) f% e & and we 

are done. Also if a < ft (so a G P| w[p/3 m ]) the same proof works. So assume 

m<2 

0,a i f| u,^]. If (/i)b*J(y A ) = (/i'^O/ft) let /' = # U /{ U = 

m<2 

/" u (/' t (^[p^o] u w \pP3-e\))i clearly O.K. So without loss of generality assume 
{f'l^Kypt) = O,(fn lP0e] (yf3 e ) = M e {1,2} and a G «;[p A ]\«;[p^]; and then 
choose /' = f(>Uf[U& as above and /" = f»\j(f \ {w\pp ]Uw[(3p s _ t ])). Now check; 

the main point is that as f^ t {y^_ t ) = fo(yp ) we have B \= 7"(j/ft)n/"(y ft ) = 

f"(yp e ) n /"(y^-J = n /'(y^-J = 1b n /^(^-J = h-iiv^-t) = 

ti(ypo) = f"(yp o y. 

4) Similar proof (with a, b now in p^ f (3gl). Di.3 



1.5 Claim. 1 ) IfQ = Q^ ;A *Q 2 and lh Q i a "Q 2 satisfies the (A, 3)-Knaster condition 
(see below)", then IHq "zrr+(S) = A". 

^ For 1.3(4), %\ n * + l)-Knaster" suffice to preserve the condition. 
3) In part (1) we even get the conclusion of Claim 1.3(3). 



1.6 Definition. 1) The A-Knaster condition says that among any A members 
there is a set of A which are pairwise compatible. Recall that it is preserved by 
composition. 

2) For n* < u>, the (A, n* + 1)-Knaster condition says that among any A member 
there is a set of A such that any < 1 + n* of them has a common upper bound. 



Proof of 1.5. 1), 3) Clearly it suffices to prove (3). 

Straight by 1.4(3), in fact, just such Q 2 preserves the properties mentioned there 
in 1.5. 

2) Similarly using 1.4(4). Di.5 



6 



SAHARON SHELAH 



1.7 Theorem. Suppose 

(a) V satisfies GCH above [i (for simplicity) 

(b) k is measurable, k < x < t 1 

(c) [i is supercompact, Laver indestructible, in fact, 

(*) for some hg : \i — > Jif(fa), (for £ = 0,1) we have for every (< fa)- 
directed complete forcing Q, cardinal 9 > fx and Q-name x of a subset 

of 9, there is in V[Gq] a normal ultrafilter 3) on [6>] <At such that 

Y[ (h 1 (aniu),h 2 (aniu)) = (9,x[G Q ]) 
ae[e]<" 

(d) A > [i is strongly inaccessible, Mahlo and A* such that A* = (A*) M > A 

(e) D* is a normal ultrafilter on k. 

Then for some forcing notion P we have, in V p : 

(a) forcing with P collapse no cardinal o/V except those in the interval (// + , A) 
(/?) forcing with F add no subsets to x 

(7) /it is strong limit of cofinality k and (fa : i < k) is an increasing continuous 
sequence of strong limit cardinals with limit fx 

(5) for each i < k, fa < Xi < X* = (X*)^* = 2^ and we let \i K = fa X K = 

a,a: = a* 

(e) for each i < k we have: Bi is a Boolean Algebra of cardinality Xi and 
irr + (Bi) = Xi 

(C) for i < k, Xi is a Mahlo cardinal even strongly inaccessible, but 

(rj) X = X K is fi ++ (this in V p ) 

(9) B = B K is isomorphic to J^Bi/D*, hence 

IE irr + (S) = A = so irr(S) = fx + whereas irr(Bi) = irr + (Bi) = Xi 
and Yl K/D* = X, so irr( JJ BJD*) < JJ in(Bi)/D*. 



Proof. Let Qi = A and B be from 1.2, let Q2 be {/ : / a partial function from 

A* to {0, 1} with domain of cardinality < fa} ordered by inclusion, let Q = Qi x Q2. 
Let G = G 1 x G 2 C Q be generic over V and let V = V,Vi = V[Gi] and 
V 2 = V[G]=V 1 [G 2 ]. 
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IEIq In V 2 ,-B[Gi] is a Boolean Algebra of cardinality A with iir + (B) = A and 
notational simplicity with a set of elements A. 

[Why? In V 1 ,B[G 1 ] is like that by 1.3. Now as in Vi,Q 2 satisfies the 
(A, n)-Knaster for every n clearly by 1.5 we are done.] 

In V 2 the cardinal fx is still supercompact, hence it is well known that 

Mi for every Y C 2 M for some normal ultrafilter 3> on \x and Y = (Yj : i < 
fj),Yi C 2l*l we have Y j 3> is Y (i.e. Y/9 G V%/D and in the Mostowski 
Collapse of V^/^ the element Y / 3> is mapped to Y), hence (2 M , Y, fa <) is 
isomorphic to JJ(2 |j| , Y { , i, <)/&. 

i<fi 

Again it is well known and follows from M\ that there is a sequence @° = (@® : 
C < (2 M )) + ) of normal (fine) ultrafilters on fj, satisfying: for each ( < (2 M ) + the 
sequence S> G \ ( belongs to (the Mostowski collapse of) V 2 /^. In V 2 we can code 
B = Bid] and @>(fa\ and &° \ k as a subset Y of 2^ = A* and get Y as in M t 

hence for some set A G ^ of strongly inaccessible cardinals > x there is a sequence 
((fa, Aj, A*) :i£A) such that: 

(*)i for z G A we have i = fa < Xi < X* = (A*) Mi ,Ai is weakly inaccessible, 
Mahlo, is a Boolean Algebra generated by {x a : a < Xi},x a ({xp : 
[3 < ol}) b ., irr + (Sj) = \ and, for notational simplicity, its sets of elements 
is \ 

(*) 2 B is isomorphic to JJ and (A*, <) ^ JJ(A- , <)/@. 

ieA ieA 

Let A* = {i < [i : i strong inaccessible > For i G fj\A choose fa, Xi, X*, Bi such 
that (*)i holds so = i; why are there such Xi, S^? Just e.g. use AMi n (A\i)> ^Min(A\i) 

Let ^ = @f for i < k and ^ K be the Q) as above. So ^ (for % < k) is a 
normal ultrafilter on |it and we have i<j<K^%E V 2 /i^-, that is, there is 
<7 = ((7ij : i < j < k), gi j G ^(Jf(Li)) such that ^ is (the Mostowski collapse of) 

All this was in V 2 = V[G]. So we have Q-names (7 = (g i} j : i < j < k),S> = (@ t : 

i < k) and ((fa, Xi, Bi, X*) : i < fj). As Q = Qi xQ 2 , Q 2 satisfies the // + -c.c. and Qi 

is /(/"•"-complete without loss of generality g is from V[Gi], so as we could have forced 
first with some {/ G Q 2 : Dom(/) C B},B G [A*]- M ; without loss of generality^ 
and {(fa, Xi, Bi, A*) : % < fj) belong to V. Let F(@,g) be (the Q-name of the) 

Magidor forcing for (&,g) (see [Mg4]). Let (fa : i < k) be the P(f , g)-name of the 
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increasing continuous ^-sequence converging to \i which the forcing adds and we 
can restrict ourselves to the case \xq > x- Clearly clauses (a) — (£) in the conclusion 
hold for P = Q * P(f, g). Now 

E 2 in V 2 , if p G F(@,g) and p lh "/ G A Mi " then there are an extension 

of p in F(D, g) and / G | [ A, such that 

«IH P( ^) K {t <«:/(<) = /((**)} e^*"- 

[Why? By the properties of F(@,g) there are a pure extension qo of p in P(i^, g) 
and sequence (it, : i < k) such that above qo we have: /(z) depends just on 

(fjij : j G ttj U {z}) where C z is finite. As Z)* is a normal ultrafilter on k, for 

some a* G -D* and finite u C k we have i E a* ^ Ui = u. So there is g such that 
P(^, <?) |= go < </ and q lh "/Xj = /U*" for j G u, and so / is well defined.] 

Let Gs C P(J?, g) be generic over V 2 and V 3 = "V^fG^] and let \ii = fii[Gs] so 

really (jii : i < n) is generic for P(J?, g). Now by IE 2 it follows that: 

IE 3 in V 3 = V 2 [G3] we have 

[Why? In V 2 there is an isomorphism F from £? onto = J J Bij3> K , 

i<H ieA* 

so let = f x /@K with / x G J | Aj for x E B, i.e. x G A. 

In V 3 let f' x G J^J A Mi be / x (z) = f x (^i) an d we define a function F' from 

5, i.e. from A to \\B l /D* by F'(x) = f'jD*. Now B G =>• {z < k : 

/Hi G -B} = At mod by the definition P(^, g), so as F is one to one also 
F' is, and F' commute with the Boolean operations as F does; last F' is 
onto by E 2 .] 

P ■ 

E4 if z < k then ^(^ + i) V3 is the same as J^(//j+i) v ° l , for some ^-centered 
forcing notion from (hence this forcing notion is A Mi -Knaster). 

[Why? Note that ^(^) V2 = 3V (>j) Vo for j < k. Also for each z < k in V there 
are f^j, a normal ultrafilter on /Xj such that {^ % ,g % ) = ((^j : j < i), (gj 1 ,j 2 \ Hi '■ ji < 
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h < *)) e V is as above, i.e. j x < j 2 < i & h = g h , h /T h G /@) 2 ,g} uh G 

KffiQjLi)) so F(@\g l ) is as in [Mg4], and for some G 3)l C P((^j : j < i), {g Jun \ 
A*i : Ji < A^2 < *)) generic over Vo (equivalently over V2) we have G^,i G V3 and 

Jf(p t+1 )^ = Jf(p l+1 )V2lG^] = Jf>( pi+1 )V [G 3 ,^ g ee [Mg4] _ Ag F (b\?) is 

centered, clearly M 4 follows.] 
So obviously (by 1.5) 

IE 5 in V 3 , for each i < k we have is a Boolean Algebra of cardinality A Mi , 
irr+(S M .) = A Mi , A Mi is weakly Mahlo. 

Also in V[Gi], the forcing notion Q2 satisfies the A-Knaster condition and in V2 = 
V[G\,G2[, the forcing notion P(^, g) from [Mgl] is ^-centered hence satisfies the 
A-Knaster hence 

M 6 in V 3 ,S is a Boolean Algebra of cardinality A, a Mahlo cardinal and 
irr+(S) = A. 

Now let R = Levy(/i+,< A) v = {/ G V : Dom(/) C {(a, 7) : a < A, 7 < 
fx + }, |Dom(/)| < fx and for 7 < a, we have /(a, 7) < 1 + a}, ordered by inclusion. 
Clearly R satisfies the A-Knaster condition, is ^-complete in V and also in Vi. 
Let Gr be generic over Vi. Now in V[Gi, Gr], the forcing notion Q 2 has the same 
definition and same properties. Also (as in [MgSh 433], [ShSi 677]), in V[Gi, G2, Gr] 
the 3>i(i < are still normal ultrafilters on and the definition of P(^, (7) gives the 
same forcing notion with the same properties and add the same family of subsets 

to K (as ^( K ) V [Gi,G 2 ] = ^( K )V[G l5 G 2 ,G R ])_ 

So Gu is a subset of R generic over V[Gi, G 2 , G 3 ]. Also in V[Gi, G 2 ], R satisfies 
the A-Knaster condition and in V[Gi, G2, Gr], P(J?, #) is //-centered hence satisfies 
the A-Knaster condition. Let V4 = V"3[Gr], so in V4 all the conclusions above 
holds but A = fi ++ hence irr(S) = fi + whereas irr + (I?) remains A = fi ++ . So we 
are done. Di.7 

1.8 Claim. 1) In the theorem 1.7 we can replace 

"a Boolean Algebra B of cardinality X, irr + (B) = A " by e.g. "a X-Souslin 

tree" 

The "X strongly inaccessible Mahlo" is needed just for applying 1.3, etc, but for 
J J Bi/D* = B is not needed (any model M , with universe C A is O.K.) 

i<.n 

2) We can apply the proof above to the proof in [Sh 128] hence to theorem in logics 
with Magidor Malitz quantifiers. 



Proof. Similar to 1.7. 
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§2 Consistency for small cardinals 

Theorem 2.1 generalizes 1.7 in some ways. First D* , instead of being a normal 
ultrafilter on k is just a normal filter which is large in appropriate sense so later 
can be applied to the case k = (after a suitable preliminary forcing). Second, 
we deal with a general model and properties. Thirdly, the forcing makes fx to D K 
(and more) 

2.1 Theorem. Suppose 

(a) V satisfies GCH above fx (for simplicity) 

(b) k is regular uncountable, K <6><k<x< / u<'#<A<A* = (A*) m , say 
$ = fx+ 

(c) fi is supercompact, Laver indestructible or just indestructible X* -hypermeasure 
(see exactly [GM]) 

(d) D* is a filter on k including the clubs and if f is a pressing down function 
on k then for some u E [k] <9 we have {5 < k : f(S) E u] E D* 

(e) Qi is a (< fj) -directed complete forcing, |Qi| < A* and \\-q 1 "M is a model 
with universe A and vocabulary r E M*{x) v 

(/) R is a fx ++ -complete forcing notion of cardinality < X* 

(9) Q2 is the forcing of adding X* fx- Cohen subsets to fx and Q = Qi x Q2 
(see below Definition 2.1(a)). 

Then for some forcing notion P we have Qi x Q 2 x R < P and in V p : 

(a) forcing with P collapse no cardinal except those collapsed by Qi x R, in fact 
P/(Qi x Q 2 x R) is -centered 

((3) forcing with P add no subset of \, forcing with P/Qi x Q 2 x R satisfies 
^7 ji ■& x a* f rom Definition 2.2 below as witnessed by {fXi : i < k) 

(7) fXi = fXi [Gf] , fx is strong limit of cofinality k and (fXi : i < k) is an increasing 

continuous sequence of strong limit singulars with limit fx (and Jf(fXi + i) 
satisfies a parallel of the statement KI4 from the proof of 1.7), 

(5) for each i < k we have fXi < Xi < X* = (A*) Ml and fx K = /i, X K = A, A* = A* 
and (iii,Xi,X*) is quite similar to (/j,,X,X*) (see proof), more specifically: 
in some intermediate universe Vi, for some normal ultrafilter St on fx 
and F, : fx — > fx we have J^J(F(i), <)/D = (A, <),Aj = F(fii) and 

i<fi 
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<)/S = (A*, <) and F*(fa) = A* and we have M = (M, : % < fj) 
and Mi a model with universe Aj and vocabulary t; and Y\ Mi/St = M 



(e) for i < k we have 2 Mi = A* and 2 A ** = fa + i 

(C) [^J M^JD* is isomorphic to M if D* is a normal ultrafilter, in fact, 



1<K 



{(/(/-**) '■ i < k)/d* '■ f G Vi and f G ', J /•'( /' ) j is the universe of 

(rf) for every f G J jMi/Z)* we can in Vi /md < 6* and o/ )£ G J J F(z) 
/or e < e(f) such that {i < k : \J f(i) = gf, £ (fa)} G £>* 

£<£(/) 

(6*) J^[(Aj, <)/D* is X-like linear ordering (not necessarily well ordering as pos- 

i<K 

sibly 9 > K 0y ) 

(l) if D* is a normal ultrafilter, Qi = Q 1 ^ x (of 1.1) and R = Levy( / u, < A), 
then the conclusion on irr in 1.7 holds. 

2.2 Definition. 1) We say KL^^a* (Q) or we say Q satisfies KLy^^v (as wit- 
nessed by (fa S) if: 

(i) Q is a forcing notion of cardinality < A* 
(ii) Q satisfies the t?-c.c. 

(Hi) Q (i.e. forcing with Q) add a sequence (fa : i < 7) of cardinals < fa strongly 

inaccessible in V, strong limit in V® 
(iv) ll-Q u fa (i < 7) is increasing continuous" 

(v) St is a normal ultrafilter on \i 

(vi) for every p G Q for some (3 < 7 for A G S there is q satisfying p < q G Q 
such that q Ih "{fa : (3 < i < 7} C A" 

(vii) if 7 is a limit ordinal then II-q "fi = fa n 
(viii) in V Q we have 2^ = A* and [i is strong limit. 
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2) We say B^^. (Q) or we say Q satisfies ^ M ^ ]A * (as witnessed by Qz, f e , fx* ) 
If: 

(a) Q satisfies KLy^^A* as witnessed by p, = {jii : i < 7) 

(6) if G C Q is generic over V then for every (3 < 7 we have Jt?([ip+i) vQ is 
gotten from ^( / u / 3 + i) v by a forcing Qp+i which is like Q for /?. 

Proof. Like the proof of 1.7 but we use [GM] instead of [Mg4]; note that 1? = /U +3 
comes from making the forcing / u +3 -c.c. So the pure decision of P(^, #) is changed 
accordingly. Of course, the change in the assumption on D* also has some influence. 

□2.1 

So we get e.g. 

2.3 Conclusion : Assume V satisfies ZFC + ji is a supercompact +"A > /i is strong 
inaccessible" . 

1) For some forcing extension V*, for some ultrafilter D* on uj\ there is (A; : i < iO\) 
such that: 

{%) for % < u>i, Xi is weakly inaccessible < 

(«) a = n++ 

(m) the linear order |^ (Xi,<)/D* is A-like, Aj first weakly inaccessible > 3$ 

i<o»i 

(or first Mahlo > 

2) In part (1) we have: for some sequence (Bj : z < u)\) of Boolean Algebras, each 
of cardinality < '3 u!l we have Length( ] [ B x /D*) < Jj Length^)/!)*. 

3) If A in V, A > \x is Mahlo, also with irr. 

Proof. 1) We start getting by forcing using a forcing notion from J^f(fj) (see [Sh:f, 
Ch.XVI,2.5,p.793] and history there) a normal filter D° on u x such that @>{ui)/D* 
is layered 1 and (}^ + 2 Kl = K 2 . Hence (see [FMSh 252] and history there) there is 
an ultrafilter D* on us\ extending D as required in 2.1 clause (d) for 9 = Ki, that is: 
if g G UJl ui is pressing down on some member of D then for some a < oji, {/? < io\ : 
g{(3) < a} e D. Now apply 2.1 with 6 = = Levy(/x + , < A), A inaccessible. 

1 it means that this Boolean Algebra is [J B* , B* is a Boolean Algebra of cardinality Hi, 

i<u>2 

increasing continuous with i, and cf(i) = Hi => Bi < &{u)\)/D* 
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2) The proofs in [MgSh 433] applies also in our changed circumstances. 

3) But for irr the problem seems more involved. We use 2.5 below instead of 1.3 
and note that Q 2 ,R and the Gitik Magidor forcing P/(Qi x Q 2 x R) though not 

fully preserving (*)x,<u,b of 2.5 below it still leaves preserved for us (*)a,n ,b which 
is enough as we now prove. So in V p let f^/D* G B U JD* so f a G J^J B Ui for 

i<K i<K 

a < A. For each a we can find in V 2 a sequence (g a ,n '■ n < u>), g a , n G Y\_ ^ i sucn 

that {i < u)\ : (3n)(/ a (z) = ga^il^i))} £ D*. Without loss of generality we have 
A a ,n = A n where A Q , n = {i < ui : / a (i) = g a , n {Hi)}-, as 2 Nl < 3^ < A = cf(A). 
Now in Vi, there is an isomorphism j from J^J BijQ) onto £?, so j(g a ,n/ @) £ -S- 

In V 2 [Gr] we apply (*)a,n ,b an d find (3q < j3\ < /? 2 < @3 < A such that n < 
v =>• S(9Po,n/®) = <r(M.90o,n/@),3(90o,n/®),3(9p3,n/®)) where a is the Boolean 
term a*(xo, xi, x 2 ) = (xo H x\) U (xo H x 2 ) U (xi fl x 2 ). Hence 

Y n =* {( < p : B C |= ^ , n (C) = a*(^ 1)n (C),^ 2) n(C),^3,n(C))} G 
hence F = 7„ 6 f hence for some i* < k, (Vi) [i* < i < k — ► ^ G F] 

but ^ G F =>• (Vw < h 9/3o,n(l*i) = c7 (^i,n(C) ) ^ i ,n(C)^/3 3 ,n(C))]- A S 

A ft>n = A n we are done. D 2 . 3 

Remark. 1) In 2. 3(1), (2) without loss of generality 3 LJl is the limit of the first 
iv i (weakly) inaccessible. 

2) In 2.3(3) without loss of generality 3^ is the limit of the first iv\ Mahlo (weakly) 
inaccessible. Can we omit Mahlo? 

3) Of course, 2.3 is just one extreme variant. 

2.5 Claim. 1) For Q = A , B as in 1.3 we have, for r < ji it is forced (II-qi J 
that: 

(*)x,t,b if Va,s ^ B for a < A, e < r then for some (3q < (3\ < < @3 we have 

£ < r =>• y 0Oj£ = (T*{yp ue ,yfc,e,yfa,e) where a*(yi,y 2 ,y 3 ) = (yi Hy 2 ) U (y x D 
1/3) U (y 2 n y 3 ). 

7/S is a Boolean Algebra, r < A and Q* is t + -complete (or just do not add new 
r-sequence of ordinals < \B\) and satisfies the (A, 4)- Knaster property (i.e. among 
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any X conditions there are X, any three of them has a common upper bound), then 
forcing by Q* preserve (*)a,t,b- 

Proof. 1) As in 1.3 again the point is checking (*)a,^,b so let p lh u (yp,e '■ 13 < 

A, e < r)" be a counterexample. For each a < X choose p a such that p < p a 
and p a lh "y a ,e = 2/a,e" for £ < t and without loss of generality y a>e G p a and 

choose o:^ G w[pp] for C < // such that G ({x 7 : 7 G {a^ : e < Qp}) B [ Pf3l \ 
for some (p < r + with ct^ i£ increasing with e, and let £p < Qp be such that 
(\/e)[ap !S <p = e<£p\. Let y^ = ap, £ (. . . ,x a/3e , . . .) e <c (so the term ap j£ uses 
only finitely many of its variables). We choose S,w,r, etc., as in the proof there 
with £ < C, (o! e : £ < £), (cr e : e < t) replacing m < n, («£ : £ < m),a. 

We choose /3 < /?i < /?2 < i n S and it is enough to find q G A such 
that £ < 4 p A < g and q lh "y/3 ,£ = o-(yp 1:£ ,yp 2i£ ,yp 3i£ ) for e < r". We define 
u = U anc ^ ^ as there, i.e., 

{/ :/ G u 2, / f w[p/jj G ^[f/jj for £ < 4 and for some 
i G {1, 2, 3} we have 

mG{0,l,2,3}\m & C<^/(*a*,c) = /(*«*„,c)}- 



Now check. 

2) Straightforward. 



□2.5 
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